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Laguerre Type Surfaces

Superficies de tipo Laguerre

Carlos M. C. Riveros*
Armando M. V. Corrof

Abstract: In this work we introduce the Laguerre type surfaces, this class of
surfaces contains the minimal surfaces, another class of these surfaces are the Wein-
garten surfaces of Laguerre type. We show that all graph-type harmonic surfaces
are Laguerre type surfaces. As an application we classify the graph-type harmonic
surfaces that are Weingarten surfaces of Laguerre type and also we classify the graph-
type harmonic surfaces that are helicoidal. We present families of cyclic graph-type
harmonic surfaces with the planes of the foliation parallel. Finally, we give a classi-
fication of translation surfaces of Laguerre type.
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Resumo: Neste trabalho introduzimos as superficies de tipo Laguerre, esta classe de super-
ficies contem as superficies minimas, uma outra classe de essas superficies sao as superficies
Weingarten de tipo Laguerre. Mostramos que toda superficie harmonica de tipo grafico é
uma superficie de tipo Laguerre. Como aplicagio classificamos as superficies harmonicas
de tipo gréfico que sao superficies de Weingarten de tipo Laguerre e também classificamos
as superficies harmonicas de tipo grafico que s&o helicoidais. Apresentamos familias de su-
perficies harmonicas de tipo gréfico ciclicas com planos da foliagdo paralelos. Finalmente,
fornecemos uma clasificaciao das superficies translacao de tipo Laguerre.

Palavras-chave: Supericie minima de Laguerre. Superficie de Weingarten. Superficie
harmonica.

1 Introduction

A regular parametrized surface is harmonic if its coordinate functions are harmonic,
a class of these surfaces are the minimal surfaces that has been extensively studied by
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many authors, a compilation of results on minimal surfaces can be found in [14]. In

[8], the author studies geometric properties of the harmonic immersions and in [19]
the authors present a special class of harmonic surfaces called graph-type harmonic
surfaces and show that a graph-type harmonic surface is minimal if and only if it is
part of a plane or a helicoid.

A surface M C R? is a Laguerre minimal surface if

H
Arrr (?) =0,

where H is the mean curvature, K is the Gaussian curvature and /1] is the third
fundamental form of M. Laguerre minimal surfaces have been studied by several
authors, for example see [5], [15], [21], [22].

Let M C R? be a regular surface with Gauss map N : M — S?, we say that M
is a graph-type surface if N(M) it is contained in an open spherical cap. Let 0 € R3
be a plane, we define the projection application m, : R®> — ¢ as the orthogonal
projection of p into . Motivated by the work on Laguerre minimal surfaces, we
introduced the class of Laguerre type surface as being a graph-type surface M in the
Euclidean space with Gauss map N, mean curvature H and Gaussian curvature K,
such that there exists a plane o passing through the origin, such that

h,H
AL( K ):Oa

where L is the metric in ¢ induced by the application 7|5, N(M) is contained in

an open spherical cap determined by ¢ and h, = 7, o N.
This class of surfaces contains the minimal surfaces. Another special class of La-
guerre type surfaces are the surfaces such that

hoH
=

¢,

where ¢ is a constant, which will be called Weingarten surfaces of Laguerre type.

A graph of a function of n variables f is called translational hypersurface if,
f can be written as a sum of functions of type f(uy, - ,u,) = fi(uy) +--- +
fn(uyn). In the last years several authors studied translational hypersurfaces and
the hypersurfaces translational Weingarten type (see [1], [3], [10], [12], [20]). In [4]
the authors classified the translational surfaces of Weingarten type in the three-
dimensional space. Recently in [2|, the authors studied the translation surfaces of
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linear Weingarten type in three-dimensional space. In [9], the authors classified the

translational hypersurfaces of Euclidean space with constant scalar curvature.

In this work we show that all graph-type harmonic surfaces is a Laguerre type
surface. As an application we classify the graph-type harmonic surfaces that are
Weingarten surfaces of Laguerre type and classify the graph-type harmonic surfaces
that are helicoidal. A surface M is said to be cyclic if is determined by a smooth 1-
parameter family of circles. By using the works [6], [13], [16], Lopez in [11] showed
that a cyclic linear Weingarten is a subset of around sphere or the planes of the
foliation are parallel. We present families of cyclic graph-type harmonic surfaces
with the planes of the foliation parallel. Finally, we give a classification of translation
surfaces of Laguerre type that generate examples of Laguerre type surfaces that are

not harmonic surfaces.

2 Preliminaries

In this section we recall some results and definitions which will be necessary in the
following sections. Let 2 be an open subset of IR" and u = (uy, ug, - -+ ,u,) € Q. Let
X :Qc R"— IR, n> 3, be a hypersurface parameterized by lines of curvature,
with distinct principal curvatures \;, 1 <7< nandlet N:Q C IR" — R" be a
unit normal vector field of X. Then

)

where the subscript “,i” denotes the derivative with respect to u;. Moreover,

Xy —TLX,-T/X;=0, 1<i#j<n, (3)

where T'¥; are the Christoffel symbols.

J
The Christoffel symbols in terms of the metric (1) are given by

Ffj =0, TIi= Giii  pio— g pi _ Jiig 0

B 20;i ’ " 29 ij ’ i 29 ’

where 1,7,k are distinct.

We now consider the higher-dimensional Laplace invariants of the system of
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equations (3) (see [7| for the definition of these invariants)

_ i i TV
my = i+ Ty, (5)
myr = T =T, k#ij, 1<k<n.

In this paper the inner product (,): C x C — R is defined by

(f,9) = frg1 + fag2, where f = fi +ifs, g= g1 +igo,

are holomorphic functions. In the computation we use the following properties: If
f,g,h:C— C, z=u; +1ius € C are holomorphic functions then

(9 = 0) +(f.9) (F9)we = (if,0) + (fiid), (fg,h) = (g, fh),

gy = A g (Fa)+ilhig) = f3. (LALIN = S(Lif), (6
<1af>2 - <1alf>2 = <1af2>

The following theorem was obtained in [17].

Theorem 1. Let M™ C IR"™ n > 3, be a hypersurface parametrized by lines of
curvature, with n distinct principal curvatures —\;.

1) The foliations of M™ are umbilical hypersurfaces in M™ if and only if myj, =
0,V1<i#j#k<n,

2) The foliations of M™ are Dupin hypersurfaces in M™ if and only if m;; =0, V1 <
i£j<n,

3) If m;j = 0. Then the lines of curvature have constant geodesic curvature.

Remark 1. The item (3) of Theorem 1, is true for n > 2.

Definition 1. A surface M C R? is called Translation surface if locally it can be

parametrized by

X (ur, uz) = (ur, uz, fi(ur) + fa(uz)). (7)
The Gauss map is given by
1 / ,
N:Z<_f1a_f2’1>> (8)

where

A= 142+ ()2 (9)
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The mean curvature H and the Gaussian curvature K are given by

U+ EIA+ A+ o fif

H=
2A3 ’ At

: (10)
The following result was obtained in [18].

Lemma 1. Let X = (g,0) be an orthogonal parametrization of 11 = {(uy, us, us) €
R3 : uz = 0} where g : C — C be a holomorphic function and mys is the Laplace
invariant given in (5). Then

myo = 0 if and only if g is given by

212 + 2o 21eV 2% 4 o
Z2)=—— or ¢g(8) = ———=——"", 2124 — 22% 0. 11
9(z) 232 + 24 9(2) eV 2 4 2, 124 — 2223 F (11)

where z; € C, ¢ € R. Moreover, in this case mis = 0 if and only if ms; = 0.

The following proposition is a consequence of Theorem 1 (item 3)) and the
Lemma 1.

Proposition 1. Let X = (g, 0) be an orthogonal parametrization of 11 = {(uy, ua, us)
€ R?: uz = 0} where g : C — C be a holomorphic function. Then
The coordinate curves are circles or straight lines if and only if g(2) is given by (11).

Definition 2. Let X (uy,us) = (p1(ut, us), po(us, us), @3(ui, us)) be a parametriza-
tion of the surface M in R3, M is called harmonic surface if Ap; = 0, fori=1,2,3.

Definition 3. Let f,g : C — C be holomorphic functions. The surface M in R3
parametrized by X (z) = (g9(z), < 1, f(2) >) is called graph-type harmonic surface.

The next proposition was obtained in [19].

Proposition 2. Let M C R? be a graph-type harmonic surface given by

X(2) = (9(2), < 1, f(2) >). (12)
The Gauss map 1s given by
1 T
N= (-4 FlgP) (13)

where
D = |g'[\/19'* + | ']
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The coefficients of the first fundamental form are given by

1
E=|¢P+<1,f >% F= —5 < i (f)? > G=1¢P+<1if >%  (14)

and the reqularity condition is given by ¢'(z) # 0.
The mean curvature H and the Gaussian curvature K are given by

lg']> <A, (f)> l9'|*|Al?
2D3 D4 7 (15)
where ,
A=f"— f/—z,. (16)

3 Laguerre type surfaces

In this section we consider o = {(uy, ug, u3) € R*/u3 = 0} and the open spherical
cap determined by o as S7 = {u = (uy, u, u3) € R3/|u| = 1, ug > 0}.

Consider a plane o C R3, we define the projection application m, : R® — o as
being the orthogonal projection of p into o.

Definition 4. Let M be a surface in R® with Gauss map N, mean curvature H,
Gaussian curvature K. The surface M 1is called Laguerre type surface if there is a

plane o passing through the origin such that

heH
AL ( K ) = 07
where L is the metric in o induced by the application w,|p, N(M) is contained in
S? and h, =7, o N.

This class of surfaces includes the minimal surfaces. Another special class of the
Laguerre type surfaces are the surfaces such that

hoH
o =

¢,

where c is a constant. These surfaces will be called Weingarten surfaces of Laguerre
type.

Theorem 2. All graph-type harmonic surfaces whit Gaussian curvature non zero is

a Laguerre type surface.
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Proof. We consider the plane o = {(u1, ug, u3) € R*/uz = 0}. From (6), (13) and
(15) we obtain

L0 0T

hence, it follows the result. O

We remark that by Theorem 2, the graph-type harmonic surfaces are a special
class of Laguerre type surfaces. In the following we will present some results of
classification of these surfaces with additional conditions.

The following result classifies the graph-type harmonic surfaces that are Wein-
garten surfaces of Laguerre type.

Proposition 3. A graph-type harmonic surface given by (12) is a Weingarten sur-
face of Laguerre type, with ¢ # 0 if and only if, up to translation, X is a surface of

rotation, given by

X (2) = (2c€"t cosug, 2ce™ sin ug, —2cuy). (18)

Proof. Using (17), we get that X is a Weingarten surface of Laguerre type, if and
only if, (f")? = 2cA, now from (16), it follows

f// g//
reu(g-%),
integrating this equation we obtain
=
g = 2cz1e2 + 2.
If f=wu(uy,us)+ 1v(ug,us), then X is given by

u(uy,ug) b—v(uy,ug)

X(z) = <206“’ 2 T )+22,u(u1,u2)) ,

where z; = e, thus, up to translation and a change of variable we obtain the
expression (18). In Figure 1, we have an example of Weingarten surface of Laguerre
type. 0

Proposition 4. A graph-type harmonic surface given by (12) is a helicoidal surface,
if and only if, X is given by

X(z) = (e" cosug, €" sin uy, auy + bug + c).
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Figure 1: c=1

Proof. A graph-type harmonic surface is helicoidal if
X (2) = (e™ cos ug, " sinug, A(uq) + bug),

where A(uq) is a real function, since, A(u;) + buy must be a harmonic function, we
have that \” (u1) = 0, by integration it follows the result. In the Figure 2, we have
an example of helicoidal graph-type harmonic surface. O

1
5

Figure 2: a:%,b:%,c:

Proposition 5. Let M be a graph-type harmonic surface given by (12). If X1(z) =
(9(2), cruy) or Xo(2) = (9(2), —crug) and g(z) is given by (11). Then the surfaces
are ruled with lines parallel to the uius plane or cyclic with circles parallel to the

ui plane.
Proof. From Proposition 1, we have that the coordinate curve X (u, us) = (g(u?, us),

ciul) where u? =constant are straight lines or circles. Similarly, the coordinate
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curve Xo(up,uy) = (g(u,ud), cjul) where uy =constant are straight lines or circles,
hence it follows the result. In the Figures 3 and 4, we have examples of cyclic
graph-type harmonic surfaces. O

. 14 V—2z 1
Figure 3: f(z) = —z, g(z) = (1/(21_;)):\/?22jr_1+i

i N o/ — Az
Figure 4: f(2) =z, g(z) = mﬁ

Proposition 6. Let X be a translation surface given by (7). Then X is a Laguerre
type surface, if and only if, f1(u1) and fo(usz) are given by

i)
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1

2
aui + asu + as

fiur) = aul + asuy +az or fi(ur) = co + /tan {/ duq + cl} duq,

1
= b b t d d
f2(us) = auj + byuy + by or fo(uz) = c4 +/ an [/—au% PR Uz + 03] Ua,

where a # 0.
i)
[ [In(aguy + as)
fi(uy) = ca—2az1n |cos | — + ¢ || or fi(u1) = c4+ [ tan | ———= + ¢3| duy,

23 a2

2bs

[ 1
f2(u2) = cg—2bs1In | cos (— + C5)j| or f2(u2) = Cg+/tan M + C7:| du2’
L L 2

where as, as, by, b are non-zero real constants.
Proof. From (8)-(10), X given by (7) is a Laguerre type surface, if and only if

L+ ()2 14+ (f)\
A< o7 )‘O’

this equation is equivalent to
1 N2\ " 1 N2\ "
( + (/fl) ) — 201’ ( + (/‘/][.2) ) = —%a. (19)
1 2

If a # 0, trivial solutions of these equations are given by
filwy) = auf + agus + as,  fo(ug) = —aus + byuy + bs.

Other solutions are obtained by integrating the following equations

" "
1 1 2 _ 1

1+ (f])?  aul+aui+as’ 1+ (f5)?  —aud+bous+ by

2
We remark that T(lf’y = (arctan f])’, using this fact we obtain the item i).
1
If a = 0, the solutions of (19) are obtained integrating the equations

" "
1 1 2 _ 1

1+ (f{)z B Uy —|—a3’ 1+ (fé)z B b2u2+b3'

Thus, considering the cases where a; = 0 (az # 0) and by = 0 (by # 0) we obtain
item ii). O
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Remark 2. We remark that the surfaces of item ii) are Weingarten surfaces of
Laguerre type and include the Scherk minimal surface when a3 = —bs. In the Figures
5, 6, 7 and 8 (Scherk minimal surface), we have examples of translation Laguerre
type surfaces, these examples are not harmonic surfaces.

Figure 6: fi(u1) = In[cos(—uy + 1), fa(u2) = —21In[cos(F + 2)]

Remark 3. In this work we present an initial theory about the Laguerre type sur-
faces, the study of these surfaces with additional geometric or analytical properties

will be object of study and we hope to present future works in this sense.
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Figure 8: fi(u1) =1+ Infcos(—u1 + 1)], fo(u2) = 1 — In[cos(ug + 2)]
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