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Laguerre Type Surfaes

Superfíies de tipo Laguerre

Carlos M. C. Riveros

∗

Armando M. V. Corro

†

Abstrat: In this work we introdue the Laguerre type surfaes, this lass of

surfaes ontains the minimal surfaes, another lass of these surfaes are the Wein-

garten surfaes of Laguerre type. We show that all graph-type harmoni surfaes

are Laguerre type surfaes. As an appliation we lassify the graph-type harmoni

surfaes that are Weingarten surfaes of Laguerre type and also we lassify the graph-

type harmoni surfaes that are helioidal. We present families of yli graph-type

harmoni surfaes with the planes of the foliation parallel. Finally, we give a lassi-

�ation of translation surfaes of Laguerre type.

Keywords: Laguerre minimal surfae. Weingarten surfae. Harmoni surfae.

Resumo: Neste trabalho introduzimos as superfíies de tipo Laguerre, esta lasse de super-

fíies ontem as super�ies mínimas, uma outra lasse de essas superfíies são as superfíies

Weingarten de tipo Laguerre. Mostramos que toda superfíie harm�nia de tipo grá�o é

uma superfíie de tipo Laguerre. Como apliação lassi�amos as superfíies harm�nias

de tipo grá�o que são superfíies de Weingarten de tipo Laguerre e também lassi�amos

as superfíies harm�nias de tipo grá�o que são helioidais. Apresentamos famílias de su-

perfíies harm�nias de tipo grá�o ílias om planos da foliação paralelos. Finalmente,

forneemos uma lasi�ação das superfíies translação de tipo Laguerre.

Palavras-have: Superíie mínima de Laguerre. Superfíie de Weingarten. Superfíie

harm�nia.

1 Introdution

A regular parametrized surfae is harmoni if its oordinate funtions are harmoni,

a lass of these surfaes are the minimal surfaes that has been extensively studied by
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many authors, a ompilation of results on minimal surfaes an be found in [14℄. In

[8℄, the author studies geometri properties of the harmoni immersions and in [19℄

the authors present a speial lass of harmoni surfaes alled graph-type harmoni

surfaes and show that a graph-type harmoni surfae is minimal if and only if it is

part of a plane or a helioid.

A surfae M ⊂ R3
is a Laguerre minimal surfae if

△III

(

H

K

)

= 0,

where H is the mean urvature, K is the Gaussian urvature and III is the third

fundamental form of M . Laguerre minimal surfaes have been studied by several

authors, for example see [5℄, [15℄, [21℄, [22℄.

Let M ⊂ R
3
be a regular surfae with Gauss map N : M → S

2
, we say that M

is a graph-type surfae if N(M) it is ontained in an open spherial ap. Let σ ∈ R3

be a plane, we de�ne the projetion appliation πσ : R3 → σ as the orthogonal

projetion of p into σ. Motivated by the work on Laguerre minimal surfaes, we

introdued the lass of Laguerre type surfae as being a graph-type surfae M in the

Eulidean spae with Gauss map N , mean urvature H and Gaussian urvature K,

suh that there exists a plane σ passing through the origin, suh that

△L

(

hσH

K

)

= 0,

where L is the metri in σ indued by the appliation πσ|M , N(M) is ontained in

an open spherial ap determined by σ and hσ = πσ ◦N .

This lass of surfaes ontains the minimal surfaes. Another speial lass of La-

guerre type surfaes are the surfaes suh that

hσH

K
= c,

where c is a onstant, whih will be alled Weingarten surfaes of Laguerre type.

A graph of a funtion of n variables f is alled translational hypersurfae if,

f an be written as a sum of funtions of type f(u1, · · · , un) = f1(u1) + · · · +

fn(un). In the last years several authors studied translational hypersurfaes and

the hypersurfaes translational Weingarten type (see [1℄, [3℄, [10℄, [12℄, [20℄). In [4℄

the authors lassi�ed the translational surfaes of Weingarten type in the three-

dimensional spae. Reently in [2℄, the authors studied the translation surfaes of
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linear Weingarten type in three-dimensional spae. In [9℄, the authors lassi�ed the

translational hypersurfaes of Eulidean spae with onstant salar urvature.

In this work we show that all graph-type harmoni surfaes is a Laguerre type

surfae. As an appliation we lassify the graph-type harmoni surfaes that are

Weingarten surfaes of Laguerre type and lassify the graph-type harmoni surfaes

that are helioidal. A surfae M is said to be yli if is determined by a smooth 1-

parameter family of irles. By using the works [6℄, [13℄, [16℄, López in [11℄ showed

that a yli linear Weingarten is a subset of around sphere or the planes of the

foliation are parallel. We present families of yli graph-type harmoni surfaes

with the planes of the foliation parallel. Finally, we give a lassi�ation of translation

surfaes of Laguerre type that generate examples of Laguerre type surfaes that are

not harmoni surfaes.

2 Preliminaries

In this setion we reall some results and de�nitions whih will be neessary in the

following setions. Let Ω be an open subset of IRn
and u = (u1, u2, · · · , un) ∈ Ω. Let

X : Ω ⊂ IRn → IRn+1, n ≥ 3, be a hypersurfae parameterized by lines of urvature,

with distint prinipal urvatures λi, 1 ≤ i ≤ n and let N : Ω ⊂ IRn → IRn+1
be a

unit normal vetor �eld of X . Then

〈X,i, X,j〉 = δijgii , 1 ≤ i, j ≤ n , (1)

N,i = −λiX,i , (2)

where the subsript �,i � denotes the derivative with respet to ui. Moreover,

X,ij − Γi
ijX,i − Γj

ijX,j = 0 , 1 ≤ i 6= j ≤ n , (3)

where Γk
ij are the Christo�el symbols.

The Christo�el symbols in terms of the metri (1) are given by

Γk
ij = 0, Γi

ii =
gii,i
2gii

, Γj
ii = −

gii,j
2gjj

, Γi
ij =

gii,j
2gii

, (4)

where i, j, k are distint.

We now onsider the higher-dimensional Laplae invariants of the system of
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equations (3) (see [7℄ for the de�nition of these invariants)

mij = −Γi
ij,i + Γi

ijΓ
j
ij ,

mijk = Γi
ij − Γk

kj , k 6= i, j , 1 ≤ k ≤ n.
(5)

In this paper the inner produt 〈, 〉 : C× C → R is de�ned by

〈f, g〉 = f1g1 + f2g2, where f = f1 + if2, g = g1 + ig2,

are holomorphi funtions. In the omputation we use the following properties: If

f, g, h : C → C, z = u1 + iu2 ∈ C are holomorphi funtions then

〈f, g〉,u1 = 〈f ′, g〉+ 〈f, g′〉, 〈f, g〉,u2 = 〈if ′, g〉+ 〈f, ig′〉, 〈fg, h〉 = 〈g, fh〉,

△〈f, g〉 = 4〈f ′, g′〉, 〈f, g〉+ i〈f, ig〉 = fg, 〈1, f〉〈1, if〉 =
1

2
〈1, if 2〉, (6)

〈1, f〉2 − 〈1, if〉2 = 〈1, f 2〉.

The following theorem was obtained in [17℄.

Theorem 1. Let Mn ⊂ IRn+1, n ≥ 3, be a hypersurfae parametrized by lines of

urvature, with n distint prinipal urvatures −λi.

1) The foliations of Mn
are umbilial hypersurfaes in Mn

if and only if mijk =

0, ∀ 1 ≤ i 6= j 6= k ≤ n,

2) The foliations of Mn
are Dupin hypersurfaes in Mn

if and only if mij = 0, ∀ 1 ≤

i 6= j ≤ n,

3) If mij = 0. Then the lines of urvature have onstant geodesi urvature.

Remark 1. The item (3) of Theorem 1, is true for n ≥ 2.

De�nition 1. A surfae M ⊂ R3
is alled Translation surfae if loally it an be

parametrized by

X(u1, u2) = (u1, u2, f1(u1) + f2(u2)). (7)

The Gauss map is given by

N =
1

∆

(

−f
′

1,−f
′

2, 1
)

, (8)

where

∆ =
√

1 + (f
′

1)
2 + (f

′

2)
2. (9)
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The mean urvature H and the Gaussian urvature K are given by

H =
(1 + (f

′

2)
2)f

′′

1 + (1 + (f
′

1)
2)f

′′

2

2∆3
, K =

f
′′

1 f
′′

2

∆4
. (10)

The following result was obtained in [18℄.

Lemma 1. Let X = (g, 0) be an orthogonal parametrization of Π = {(u1, u2, u3) ∈

R3 : u3 = 0} where g : C → C be a holomorphi funtion and m12 is the Laplae

invariant given in (5). Then

m12 = 0 if and only if g is given by

g(z) =
z1z + z2
z3z + z4

or g(z) =
z1e

√
−2cz + z2

z3e
√
−2cz + z4

, z1z4 − z2z3 6= 0. (11)

where zi ∈ C, c ∈ R. Moreover, in this ase m12 = 0 if and only if m21 = 0.

The following proposition is a onsequene of Theorem 1 (item 3)) and the

Lemma 1.

Proposition 1. Let X = (g, 0) be an orthogonal parametrization of Π = {(u1, u2, u3)

∈ R
3 : u3 = 0} where g : C → C be a holomorphi funtion. Then

The oordinate urves are irles or straight lines if and only if g(z) is given by (11).

De�nition 2. Let X(u1, u2) = (ϕ1(u1, u2), ϕ2(u1, u2), ϕ3(u1, u2)) be a parametriza-

tion of the surfae M in R3
, M is alled harmoni surfae if △ϕi = 0, for i = 1, 2, 3.

De�nition 3. Let f, g : C → C be holomorphi funtions. The surfae M in R3

parametrized by X(z) = (g(z), < 1, f(z) >) is alled graph-type harmoni surfae.

The next proposition was obtained in [19℄.

Proposition 2. Let M ⊂ R3
be a graph-type harmoni surfae given by

X(z) = (g(z), < 1, f(z) >). (12)

The Gauss map is given by

N =
1

D
(−g′f̄ ′, |g′|2), (13)

where

D = |g′|
√

|g′|2 + |f ′|2.
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The oe�ients of the �rst fundamental form are given by

E = |g′|2+ < 1, f ′ >2, F = −
1

2
< i, (f ′)2 >, G = |g′|2+ < 1, if ′ >2, (14)

and the regularity ondition is given by g′(z) 6= 0.

The mean urvature H and the Gaussian urvature K are given by

H = −
|g′|2 < A, (f ′)2 >

2D3
K = −

|g′|4|A|2

D4
, (15)

where

A = f
′′
− f

′ g
′′

g′ . (16)

3 Laguerre type surfaes

In this setion we onsider σ = {(u1, u2, u3) ∈ R3/ u3 = 0} and the open spherial

ap determined by σ as Sσ = {u = (u1, u2, u3) ∈ R
3/|u| = 1, u3 > 0}.

Consider a plane σ ⊂ R3
, we de�ne the projetion appliation πσ : R3 → σ as

being the orthogonal projetion of p into σ.

De�nition 4. Let M be a surfae in R3
with Gauss map N , mean urvature H,

Gaussian urvature K. The surfae M is alled Laguerre type surfae if there is a

plane σ passing through the origin suh that

△L

(

hσH

K

)

= 0,

where L is the metri in σ indued by the appliation πσ|M , N(M) is ontained in

Sσ
and hσ = πσ ◦N .

This lass of surfaes inludes the minimal surfaes. Another speial lass of the

Laguerre type surfaes are the surfaes suh that

hσH

K
= c,

where c is a onstant. These surfaes will be alled Weingarten surfaes of Laguerre

type.

Theorem 2. All graph-type harmoni surfaes whit Gaussian urvature non zero is

a Laguerre type surfae.
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Proof. We onsider the plane σ = {(u1, u2, u3) ∈ R
3/u3 = 0}. From (6), (13) and

(15) we obtain

hσH

K
=

1

2

〈

1,
(f ′)2

A

〉

, (17)

hene, it follows the result.

We remark that by Theorem 2, the graph-type harmoni surfaes are a speial

lass of Laguerre type surfaes. In the following we will present some results of

lassi�ation of these surfaes with additional onditions.

The following result lassi�es the graph-type harmoni surfaes that are Wein-

garten surfaes of Laguerre type.

Proposition 3. A graph-type harmoni surfae given by (12) is a Weingarten sur-

fae of Laguerre type, with c 6= 0 if and only if, up to translation, X is a surfae of

rotation, given by

X(z) = (2ceu1 cosu2, 2ce
u1 sin u2,−2cu1). (18)

Proof. Using (17), we get that X is a Weingarten surfae of Laguerre type, if and

only if, (f ′)2 = 2cA, now from (16), it follows

f ′ = 2c

(

f ′′

f ′ −
g′′

g′

)

,

integrating this equation we obtain

g = 2cz1e
−f

2c + z2.

If f = u(u1, u2) + iv(u1, u2), then X is given by

X(z) =
(

2cea−
u(u1,u2)

2c ei(
b−v(u1,u2)

2c
) + z2, u(u1, u2)

)

,

where z1 = ea+ib
, thus, up to translation and a hange of variable we obtain the

expression (18). In Figure 1, we have an example of Weingarten surfae of Laguerre

type.

Proposition 4. A graph-type harmoni surfae given by (12) is a helioidal surfae,

if and only if, X is given by

X(z) = (eu1 cosu2, e
u1 sin u2, au1 + bu2 + c).
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Figure 1: c = 1

Proof. A graph-type harmoni surfae is helioidal if

X(z) = (eu1 cos u2, e
u1 sin u2, λ(u1) + bu2),

where λ(u1) is a real funtion, sine, λ(u1) + bu2 must be a harmoni funtion, we

have that λ
′′
(u1) = 0, by integration it follows the result. In the Figure 2, we have

an example of helioidal graph-type harmoni surfae.

Figure 2: a = 1
2 , b =

1
3 , c =

1
5

Proposition 5. Let M be a graph-type harmoni surfae given by (12). If X1(z) =

(g(z), c1u1) or X2(z) = (g(z),−c1u2) and g(z) is given by (11). Then the surfaes

are ruled with lines parallel to the u1u2 plane or yli with irles parallel to the

u1u2 plane.

Proof. From Proposition 1, we have that the oordinate urveX1(u
0
1, u2) = (g(u0

1, u2),

c1u
0
1) where u0

1 =onstant are straight lines or irles. Similarly, the oordinate
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urve X2(u1, u
0
2) = (g(u1, u

0
2), c1u

0
2) where u0

2 =onstant are straight lines or irles,

hene it follows the result. In the Figures 3 and 4, we have examples of yli

graph-type harmoni surfaes.

Figure 3: f(z) = −z, g(z) = (1+i)e
√

−2z+1

(1/2+i)e
√

−2z+1+i

Figure 4: f(z) = z, g(z) = (1+i)e
√

−4z

(1+i)e
√

−4z+1

Proposition 6. Let X be a translation surfae given by (7). Then X is a Laguerre

type surfae, if and only if, f1(u1) and f2(u2) are given by

i)
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f1(u1) = au2
1 + a2u1 + a3 or f1(u1) = c2 +

∫

tan

[
∫

1

au2
1 + a2u1 + a3

du1 + c1

]

du1,

f2(u2) = au2
2 + b2u2 + b3 or f2(u2) = c4 +

∫

tan

[
∫

1

−au2
2 + b2u2 + b3

du2 + c3

]

du2,

where a 6= 0.

ii)

f1(u1) = c2−2a3 ln

[

cos

(

u1

2a3
+ c1

)]

or f1(u1) = c4+

∫

tan

[

ln(a2u1 + a3)

a2
+ c3

]

du1,

f2(u2) = c6−2b3 ln

[

cos

(

u2

2b3
+ c5

)]

or f2(u2) = c8+

∫

tan

[

ln(b2u1 + b3)

b2
+ c7

]

du2,

where a2, a3, b2, b3 are non-zero real onstants.

Proof. From (8)-(10), X given by (7) is a Laguerre type surfae, if and only if

△

(

1 + (f ′
1)

2

2f ′′
1

+
1 + (f ′

2)
2

2f ′′
2

)

= 0,

this equation is equivalent to

(

1 + (f ′
1)

2

f ′′
1

)′′

= 2a,

(

1 + (f ′
2)

2

f ′′
2

)′′

= −2a. (19)

If a 6= 0, trivial solutions of these equations are given by

f1(u1) = au2
1 + a2u1 + a3, f2(u2) = −au2

2 + b2u2 + b3.

Other solutions are obtained by integrating the following equations

f ′′
1

1 + (f ′
1)

2
=

1

au2
1 + a2u1 + a3

,
f ′′
2

1 + (f ′
2)

2
=

1

−au2
2 + b2u2 + b3

.

We remark that

f ′′
1

1 + (f ′
1)

2
= (arctan f ′

1)
′
, using this fat we obtain the item i).

If a = 0, the solutions of (19) are obtained integrating the equations

f ′′
1

1 + (f ′
1)

2
=

1

a2u1 + a3
,

f ′′
2

1 + (f ′
2)

2
=

1

b2u2 + b3
.

Thus, onsidering the ases where a2 = 0 (a2 6= 0) and b2 = 0 (b2 6= 0) we obtain

item ii).
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Remark 2. We remark that the surfaes of item ii) are Weingarten surfaes of

Laguerre type and inlude the Sherk minimal surfae when a3 = −b3. In the Figures

5, 6, 7 and 8 (Sherk minimal surfae), we have examples of translation Laguerre

type surfaes, these examples are not harmoni surfaes.

Figure 5: f1(u1) =
1
2u

2
1 +

1
3u1 +

1
6 , f2(u2) = −1

2u
2
2 +

1
2u2 −

1
4

Figure 6: f1(u1) = ln[cos(−u1 + 1)], f2(u2) = −2 ln[cos(u2
2 + 2)]

Remark 3. In this work we present an initial theory about the Laguerre type sur-

faes, the study of these surfaes with additional geometri or analytial properties

will be objet of study and we hope to present future works in this sense.
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Figure 7: f1(u1) = π + 2e ln[cos(u1
2e + 1)], f2(u2) = ln[cos(−u2 + 2)]

Figure 8: f1(u1) = 1 + ln[cos(−u1 + 1)], f2(u2) = 1− ln[cos(u2 + 2)]
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